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Abstract
It is shown that any compactum cleavable over the two arrows of Alexandroff is homeomorphic to
a subspace of the two arrows.
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1. Introduction
We continue exploring cleavability of compacta over LOTS (linearly ordered topologi-
cal spaces). The notion of cleavability was introduced by Arhangelskii in [1]. Comprehen-
sive surveys on this topic can be found in [2,3].
A space X is cleavable over a space Y along A ⊂ X if there exists a continuous mapping
f from X to Y such that f (A) ∩ f (X \ A) = ∅. A space X is cleavable over a space Y if
X is cleavable over Y along each A ⊂ X.
We will concentrate on cleavability over LOTS and, in particular, over the two arrows
of Alexandroff.
The two arrows of Alexandroff are denoted by SS′. The space is defined as follows:
SS′ = S ∪ S′, where S = [0,1) and S′ = (0,1]′ is a primed copy of (0,1]. For each a ∈
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R.Z. Buzyakova / Topology and its Applications 151 (2005) 144–156 145(0,1], its twin in S′ is denoted by a′. The topology on SS′ is induced by the linear order
defined as follows:
(1) The order on S and S′ is natural;
(2) If a ∈ S and b′ ∈ S′, then a < b′ iff a  b.
In [4], Arhangelskii proved that a compactum cleavable over the reals is embeddable
there. Therefore, it is natural to ask the following question (Arhangelskii): Is it always true
that a compactum X cleavable over a LOTS L is embeddable in L? The author answered
this question positively if X is connected [6,7]. In general, the answer is negative as shown
in the next example.
Example 1.1. Let X,Y be a three-point and two-point discrete compacta, respectively. It
is easy to see that Y is a LOTS and X is cleavable over Y . Obviously, X is not embeddable
in Y as Y lacks one extra point. However, X is a LOTS!
Thus, the following question remains of interest.
Question 1.2 (A.V. Arhangelskii). Let X be a compactum cleavable over a LOTS. Is X a
LOTS?
In connection with Arhangelskii’s result, it is also interesting to consider the following
problem.
Question 1.3. For what LOTS L, does cleavability of any compactum C over L imply that
C is homeomorphic to a subspace of L?
As we will show in this work, any compactum cleavable over the two arrows of Alexandroff
is homeomorphic to a subspace of the two arrows. What other LOTS have this property be-
sides the reals and the two arrows? Is this property closed under lexicographical product?
If in Example 1.1 we replace Y with a non-trivial connected LOTS Z, then X would be em-
beddable in Z. Therefore, one might wonder if it is always true that a compactum cleavable
over a connected LOTS L is embeddable in L. However, the answer in “no”.
Example 1.4. Let X = (ω1 ×l [0,1)) ∪ {ω1} be a long segment (that is, a one-point com-
pactification of the lexicographical product of the space of all ordinals less than ω1 and
the interval [0,1)). Let C = X × {1,2,3} be the Cartesian product of X and a discrete
three-element space. Consider a partition p on C whose only non-trivial elements are
{(ω1,1), (ω1,2)} and {(ω1,3), ((0,0),1)}. Denote p(C) with the quotient topology by L.
The space L is a connected LOTS with two points of uncountable character. The point
p({(ω1,1), (ω1,2)}) can be reached in L by two disjoint ω1-type sequences while the
other point of uncountable character cannot be approached by disjoint ω1-type sequences.
The compactum C is cleavable over L. Indeed, to cleave C over L along A ⊂ C, just col-
lapse two points of uncountable character that both belong to A or C \ A. The resulting
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from the deficit of points of uncountable character.
Arhangelskii’s theorem together with our main result suggest that the following question
might have a chance for a positive answer.
Question 1.5. Let L be an infinite homogeneous LOTS. Is it true that any compactum C
cleavable over L is embeddable in L? What if L is itself compact? separable?
Why infinite? Because Example 1.1 negatively answers this question if L is allowed to
have isolated points.
Before we jump over to the technical part of this paper, let us introduce necessary ter-
minology.
A set of a topological space X is called clopen if it is closed and open in X at the same
time.
Given a LOTS L, and its two distinct elements a and b, unordered pair {a, b} is called
a gap if (b, a) = (a, b) = ∅. An ordered pair (a, b) is called a gap as well if a < b and
(a, b) = ∅.
Given a mapping f of a topological space X, we denote by Mf the set of all x ∈ X
such that f−1f (x) has more than one element. In other words, Mf is the set of all points
of “non-one-to-one-ness”. The set of all continuous functions from a space X to a space Y
is denoted by C(X,Y ).
A space X is called perfect if its every closed subset is a Gδ set in X.
In other notations and terminology we will follow [8].
The next two sections contain some general facts and until Section 4 their purpose might
not be clear. To clarify the situation, a short strategy outline is given in the beginning of
Section 4. Throughout the paper, whenever we prove some properties of the two arrows,
we heavily use the fact that any non-end point of SS′ belongs to a gap.
2. Some general facts about LOTS
The majority of facts in this section are folklore-type.
Proposition 2.1. Let C be a perfect compactum and let A be a countable subset of C. Then
either A is a Gδ-set in C or there exists an infinite B ⊂ A such that B is dense in itself.
Proof. Let O be the family of all open sets O ⊂ C such that O ∩ A is a Gδ-set in C.
Since C is a perfect compactum, O \A is an Fσ -set in C. Since C is a perfect compactum,
there exists a countable subfamily O′ ⊂O such that ⋃O′ =⋃O. Let us show that the set
A∩ (⋃O′) is a Gδ-set in C. We have the following formula:
C \
[(⋃
O′
)
∩A
]
=
[
C \
(⋃
O′
)]
∪
[(⋃
O′
)
\A
]
=
[
C \
(⋃
O′
)]
∪
[ ⋃
′
(O \A)
]
.O∈O
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Fσ -set in C. Therefore, the set A ∩ (⋃O′) is a Gδ-set in C as the complement to the left
side of the identity.
If B = A \ (⋃O′) = ∅, then A is a Gδ-set in C. Otherwise, B is infinite and has no
isolated points. Indeed, if a ∈ B were isolated in B , then a ∈ A and there would exist an
open neighborhood Oa ⊂ C of a that would meet B only at a. Then A ∩ Oa = [A ∩Oa ∩
(
⋃O′)]⋃{a}. Since A ∩ Oa ∩ (⋃O′) and {a} are Gδ-sets in C, Oa ∈ O and therefore
a /∈ B . 
Proposition 2.2. Let C be a separable compact LOTS such that any point of C is an end-
point or belongs to a gap. Then C is homeomorphic to a subspace of SS′.
Proof. Replace every isolated point c in C with a copy of SS′. The resulting LOTS L
is a separable compactum as C has no more than countably many isolated points. And,
clearly, after this operation C is homeomorphic to a subspace of L. Let us show that L
is homeomorphic to SS′. Notice that L has no isolated points and every point is either
an end-point of L or belongs to a gap. Consider a partition p on L whose only non-trivial
elements are all sets in form {a, b}, where {a, b} is a gap in L. The space p(L) is a separable
connected compact LOTS, and, therefore, is homeomorphic to [0,1]. WLOG, p(L) =
[0,1] and the left and right end-points of L are mapped to 0 and 1, respectively. Define a
mapping f from L onto SS′ as follows:
f (x) =


a′ if p(x) = a and x is the right end-point of a gap in L,
a if p(x) = a and x is the left end-point of a gap in L,
1′ if x is the right end-point of L,
0 if x is the left end-point of L.
Being an order-preserving mapping of a LOTS onto a LOTS, f is a homeomorphism. 
Lemma 2.3. Let f be a continuous mapping of a compactum C to SS′ with countable
Mf . Then, for any a ∈ Mf , there exists a continuous mapping fa :C → SS′ such that
a /∈ Mfa ⊂ Mf .
Proof. Since SS′ is zero-dimensional, Mf is countable, and C is compact, there exists a
nested family of clopen sets On ⊂ C, such that ⋂n∈N On = {a} and O1 = C.
Let fn be a continuous mapping of On \ On+1 to [ 1(n+2)
′
, 1
(n+1) ] such that Mfn ⊂ Mf .
Such an fn exists since [ 1(n+2)
′
, 1
(n+1) ] is homeomorphic to SS′. That is, to construct fn,
we can take the restriction of f to On \On+1 and then embed the image to [ 1(n+2)
′
, 1
(n+1) ].
Define fa as follows:
fa(x) =
{0 if x = a,
fn(x) if x ∈ On \On+1.
The function fa is continuous at each element distinct from a because On \On+1 is clopen
and fn is continuous. To prove continuity of fa at a, notice that fa(On+1) ⊂ fa(On) and
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Mfn ⊂ Mf on fn. 
Lemma 2.4 (Linearization). Let f be a continuous mapping of a compactum C to SS′ such
that Mf is countable and a Gδ-set in C. Then C is homeomorphic to a subspace of SS′.
Proof. Represent C \Mf as an increasing family of compacta Fn, n ∈ N . Enumerate Mf
by natural numbers.
Recursively, we will define continuous mappings fn of C to SS′ with the following
properties.
P1: If either x or y is in Fn−1 ∪ {xm ∈ Mf : m < n}, then fn(x) < fn(y) iff fn−1(x) <
fn−1(y).
P2: xn /∈ Mfn ⊂ Mfn−1 for xn ∈ Mf .
Step 0: Let f0 = f .
Assume that fn−1 is defined.
Step n: Take a clopen interval (a, b) ⊂ SS′ that satisfies the following requirements:
(1) fn−1(xn) ∈ (a, b),
(2) (a, b) does not intersect fn−1(Fn ∪ {xm ∈ Mf : m< n}).
Such (a, b) exists since Fn ∪ {xm ∈ Mf : m< n} is compact and does not intersect
Mfn−1 , due to P2. By Lemma 2.3, there exists a continuous fxn :f
−1
n−1((a, b)) →
(a, b) such that xn /∈ Mfxn ⊂ Mfn−1 . Define fn as follows:
fn(x) =
{
fxn(x) if x ∈ f−1n−1((a, b)),
fn−1(x) if x /∈ f−1n−1((a, b)).
Requirement 2 on (a, b) guarantees that fn has property P1, while the inclusions
xn /∈ Mfxn ⊂ Mfn−1 guarantee P2.
Define a linear order ≺ on C as follows: x ≺ y if and only if there exists n such that
fm(x) < fm(y) for all m> n.
Let us show that ≺ is indeed a linear order.
Comparability: Let x 	= y. There exists n such that x, y ∈ Fn ∪ {xk ∈ Mf : k  n}. By
properties P1,P2, fm(x) < (>)fm(y) for all m> n. Therefore, x, y are ≺-comparable.
Transitivity and anti-symmetry: Similar to comparability.
Let us show that the topology on C induced by ≺ coincides with the original topology
of C. Let a, b be the end-points of C with respect to ≺. It is enough to show that [a, c) and
(c, b] are open in C for any c ∈ C. There exists n such that c ∈ Fn ∪ {xm ∈ Mf : m n}.
Due to properties P1,P2, [a, c) = {x ∈ C: fn(x) < fn(c)}. The right side of this equality
is an open set in C due to continuity of fn. Similarly, (c, b] is open in C as well.
Let us show that any point c ∈ C, distinct from the end-points a, b, belongs to a gap.
Again, let c ∈ Fn ∪ {xm ∈ Mf : m n}. WLOG, fn(c) is the left end-point of a gap in SS′.
As it was just noticed, {x ∈ C: fn(x)  fn(c)} = [a, c]. But {x ∈ C: fn(x)  fn(c)} =
f−1([0, fn(c)]) is open since every non-end-point of SS′ belongs to a gap. Therefore,
[a, c] is open and c belongs to a gap.
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since f is a homeomorphism on Fn and Mf is countable.
Applying Proposition 2.2, we conclude that C is homeomorphic to a subspace of
SS′. 
Proposition 2.5. Let C be an uncountable compact subset of SS′. Let A be the set of all
gaps {x, x′} in SS′ such that exactly one of x, x′ is in C. Then A is countable.
Proof. It is enough to show that the set A = {x′ ∈ S′ \ C: x ∈ C} is countable. Assume
the contrary. Since C is a Gδ-set in SS′ and SS′ is compact there exist y′ ∈ S′ and z ∈
S such that (y′, z) contains uncountably many elements of A and does not intersect C.
By the structure of SS′, {x, x′} ⊂ (y′, z) for any x ∈ (y′, z) ∩ S. On the other hand, our
assumption about A implies that {x, x′} 	⊂ (y′, z) for uncountably many x ∈ (y′, z) ∩ S.
The contradiction proves countability of A, and therefore, of A. 
Lemma 2.6. Let g be a continuous mapping of an uncountable compactum C to SS′ with
countable Mg . Then there exists a continuous mapping f of C to SS′ such that Mf ⊂ Mg
and for any x ∈ Mf , which is a complete accumulation point of C, one of the following
occurs:
F1: f−1([0, f (x)))∩ f−1f (x) has at least two elements.
F2: f−1((f (x),1′])∩ f−1f (x) has at least two elements.
F3: x is a limit point in f−1f (x).
Proof. For each pair {g(x), g(y)} such that (g(x), g(y)) is a gap in g(C) and either y or
x belongs to Mg , add to g(C) two new points ag(x), bg(y) and put g(x) < ag(x) < bg(y) <
g(y). The resulting LOTS L is separable since Mg is countable. Every point in L, distinct
from the end-points, belongs to a gap since we insert only two points in a gap. Therefore,
by Proposition 2.2, L is homeomorphic to a subspace of SS′.
Below in (1)–(3), when we say “F1–F3 hold (do not hold) for g”, we use properties
F1–F3 for g, replacing f with g.
Define a function f from C to L as follows:
(1) If x ∈ Mg is a complete accumulation point of C, neither of F1–F3 holds for g, and
g(x) is the left end-point of a gap in g(C), put f (x) = g(x) and f (y) = ag(x) for every
y ∈ g−1g(x) \ {x}.
Remark 1. Since F1 does not hold for g and Mg is countable, g−1g(x) \ {x} contains no
complete accumulation points of C.
Remark 2. The set g−1g(x) \ {x} is clopen. Indeed, g−1([0, g(x)]) is open since g(x)
is the left end-point of a gap. Therefore, g−1([0, g(x)]) \ g−1([0, g(x))) is open as well.
The second set in the difference contains x since x is a complete accumulation point of
C and Mg is countable. Since F1 does not hold for g, g−1([0, g(x)]) \ g−1([0, g(x))) =
g−1g(x) \ {x}. Since x is not a limit point in g−1g(x) \ {x}, the latter is closed.
150 R.Z. Buzyakova / Topology and its Applications 151 (2005) 144–156(2) If x ∈ Mg is a complete accumulation point of C, neither of F1–F3 holds for g, and
g(x) is the right end-point of a gap in g(C), put f (x) = g(x) and f (y) = bg(x) for
every y ∈ g−1g(x) \ {x}.
Remark 3. Notice that f (x) could not be defined in 1 since g(x) cannot belong to two
distinct gaps. Indeed, since x is a complete accumulation point of C and Mg is countable,
g(x) is a limit point in g(C).
(3) If f is not defined for x ∈ C in the above two cases, put f (x) = g(x).
Since case 3 contains all x’s not falling to cases 1,2, f is defined for all x. Due to Re-
mark 3, f (x) is unique for each x. The function f :C → L satisfies F1–F3 due its
definition and Remark 1. Continuity of f follows from Remark 2. Inclusion Mf ⊂ Mg
holds too as we only separate some points collapsed by g. 
Lemma 2.7. Let f,g be continuous mappings of a compactum C to SS′ and let Mf be
countable. Let A be a subset of C such that f (A)∩S and f (C \A)∩S′ are both countable.
Suppose g(A) ∩ g(C \A) = ∅. Then:
Part 1. g−1g(x) is countable for all x ∈ C.
Part 2. For any (a, b) ⊂ SS′ and any subset M ⊂ g−1((a, b)) such that M is uncountable,
there exists x ∈ M such that gf−1f (x) ⊂ (a, b).
Proof. (Part 1.) Suppose that g−1g(x) is an uncountable compactum for some x ∈ C.
Since Mf is countable, fg−1g(x) is an uncountable compactum as well. By Proposi-
tion 2.5, fg−1g(x) contains uncountably many non-isolated left and right end-points of
gaps in SS′. Therefore, g−1g(x) contains elements from both A and C \ A which contra-
dicts Proposition’s assumption that g(A)∩ g(C \A) = ∅.
(Part 2.) Suppose that for any x ∈ M there exists yx ∈ f−1f (x) such that g(yx) /∈ (a, b).
Fix such a yx for each x ∈ M and denote the set of these yx ’s by K . By Part 1, g−1g(M)∩
g−1g(K) is countable. On the other hand, f (M) = f (K). Since M is uncountable, the
latter equality contradicts countability of Mf . 
Lemma 2.8. Let f be a continuous mapping of an uncountable first-countable compactum
C to SS′ with countable Mf . Let c be a complete accumulation point of C with the follow-
ing properties:
C1: Either f−1((f (c),1′])∩f−1f (c) or f−1([0, f (c)))∩f−1f (c) contains at least two
elements.
C2: c is not a limit point in f−1f (c).
Then there exist sequences {cn} and {xn} in C with the following properties:
S1: {cn} converges to c and {xn} converges to some x ∈ f−1f (c) \ {c}.
S2: f (cn) is the left end-point of a gap in f (C).
S3: Either f (cn) = f (xn) or (f (cn), f (xn)) is a gap in f (C).
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elements. Let Oc and O be disjoint open neighborhoods of c and f−1f (c) \ {c}, respec-
tively (exist due to C2). Since SS′ is zero-dimensional, C is compact, and Mf is countable,
we can assume that O ∪ Oc = C. Let {zn} ⊂ S be a strictly decreasing sequence con-
verging to f (c). The image of any open neighborhood of c is uncountable since Mf is
countable and c is a complete accumulation point in C. Therefore, by Proposition 2.5, the
image of any open neighborhood of c contains left end-points of gaps in SS′. Therefore,
we can assume that f−1(zn) intersects Oc for each n. Due to C1, we can also assume
that f (O) ∩ (zn+1, zn) 	= ∅. Let infn = inf{f (y): y ∈ O, zn+1  f (y) zn}. Since O is
compact, there exists xn ∈ O such that f (xn) = infn.
If infn = zn+1, take any cn in f−1(zn+1)∩Oc. If infn 	= zn+1 and f (xn) is the right end-
point of a gap in f (C), then by the definition of infimum and choice of our neighborhoods,
there exists cn ∈ Oc such that (f (cn), f (xn)) is a gap in f (C). Otherwise, f (xn) is a limit
point and the left end-point of a gap in f (C). Then, clearly, there exists cn ∈ Oc such that
f (cn) = f (xn).
The sequence {cn} converges to c while {xn} contains a subsequence converging to some
x ∈ f−1f (c) distinct from c.
The above argument works for the case when f−1(([0, f (c))) ∩ f−1f (c) contains
at least two points. We need only to make {zn} strictly increasing and switch zn with
zn+1. 
3. General facts on cleavability
Proposition 3.1. Let C be a compactum cleavable over a separable LOTS. Then C is
perfect, and therefore, first-countable.
Proof. Let F be a closed subset of C. There exists a continuous mapping f of C to a
separable LOTS such that f (F ) ∩ f (C \ F) = ∅. Since every separable LOTS is perfect
and F is compact, f (F ) is a Gδ-set in f (C). Since F = f−1f (F ), F is a Gδ-set in C.
Therefore, C is a perfect compactum. 
In the next Proposition, we will use a technique developed by Tkachuk in [9] and
Yaschenko in [10].
Proposition 3.2. Let C be a compactum cleavable over a separable LOTS L. Then:
Part 1. C is separable.
Part 2. There exists f ∈ C(C,L) such that |Mf | < c.
Proof. (Part 1.) By Proposition 3.1, C is first-countable, and therefore, |C| c [5]. Let K
be the set of all separable compacta in C of cardinality c. Note that there are not more than
c many of separable compacta in C. For each K ∈ K, let FK be the set of all continuous
functions f from K to L with |Mf | = c. Since K is separable and |L| c, |FK | c for
any K ∈K. Enumerate elements in F =⋃K∈K FK = {fα: α < c}.
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that fα(aα) = fα(bα).
Step α: Let fα ∈ FK . Since |Mfα | = c and α < c, there exist aα, bα ∈ Mfα such that
fα(aα) = fα(bα) and aα, bα /∈ {aβ : β < α} ∪ {bβ : β < α}.
Let f be a continuous mapping of C to L such that f (A) ∩ f (C \ A) = ∅. Let D be a
countable subset of C such that f (D) is dense in f (C) (note that being a separable LOTS,
L is hereditarily separable). By Proposition 3.1, D is a Gδ set in C. Therefore, there exists
a family of open sets On such that
⋂
n∈N On = D.
Suppose that C \ On is uncountable, and therefore, of cardinality c, for some n. First
countability and uncountable cardinality of our compactum implies that there exists a sepa-
rable compactum K∗ ⊂ C \On of cardinality c. Let K = K∗ ∪D. Since K∗,D are disjoint
and f (K∗) ⊂ f (D), |Mf |K | = c. Therefore, f |K = fα ∈ FK ⊂ F . Therefore, by construc-
tion of A, f (aα) = f (bα). But aα ∈ A while bα ∈ C \ A, which contradicts the choice
of f .
Thus C \ On is countable for all n. Since D is separable and C \ On is countable, C is
separable as well.
(Part 2.) Let f be the mapping from Part 1. Since C is separable C ∈ K. Since f
separates A from C \A, we have f /∈ F . Therefore, |Mf | < c. 
4. Cleavability over SS′
In this section, our goal is to connect the results from previous sections to show that
a compactum C cleavable over SS′ is embeddable to SS′ (Theorem 4.5). According
to Lemma 2.4, we need to find a continuous mapping f ∈ C(C,SS′) such that Mf is
countable and a Gδ-set in C. Proposition 3.2 already guarantees the existence of f with
|Mf | < c. If we restrict ourselves to CH, we can skip the next three lemmas as they are
devoted to obtaining |Mf | ℵ0 from |Mf | < c. In short, the strategy is as follows.
Starting with |Mf | < c, to prove inequality |Mf |  ℵ0, we find a Gδ-set in our com-
pactum C that has the same cardinality as Mf . Since every Gδ-set in a perfect compactum
is either countable or of cardinality c, we will get the required inequality. Once we get this
inequality, we would like Mf to be a Gδ-set in C to use Lemma 2.4. However countability
of Mf and cleavability property do not guarantee that Mf is a Gδ-set unless we put certain
restrictions on f (those are restrictions F1–F3 in Lemma 2.6). And Lemma 2.6 allows us
to replace f with a continuous mapping that complies with these restrictions.
Now, let us implement the described strategy.
Lemma 4.1. Let f,g be continuous mappings of a compactum C to SS′. Define sets G,Go
as follows: x ∈ G(x ∈ Go) iff f (x) /∈ {0,1′} and there exists a sequence {xn} in C with the
following properties:
G1: f (xn) < f (x)(f (xn) > f (x)) for all n.
G2: {f (xn)} converges to f (x) or f (x∗), where {f (x), f (x∗)} is a gap in SS′.
G3: g(x2n) < g(x) < g(x2n+1).
Then, both G and Go are Gδ-sets in C.
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x ∈ Gn(x ∈ Gon) iff there exist an, bn ∈ S with |an − bn| < 1/n and a point xn ∈ C with the
following properties:
N1: f (x), f (xn) ∈ (an, bn).
N2: f (xn) < f (x)(f (xn) > f (x)).
N3: g(xn) < g(x) if n is even and g(xn) > g(x) if n is odd.
Let us show that G = ⋂n∈N Gn. Let x ∈ G. And let {xn} be a sequence for which
G1–G3 hold. The exclusion f (x) /∈ {0,1′} and property G2 imply that there exists a sub-
sequence {xin} ⊂ {xn} that satisfies G1–G3 and property N1 holds for each n. Properties
G1,G2 imply that N2,N3 hold for each n. Therefore, x ∈⋂n∈N Gn. Let x ∈⋂n∈N Gn.
For each n, fix xn such that x and xn satisfy N1–N3. Since x ∈ (an, bn) and |an − bn| <
1/n, f (x) can be neither 0 nor 1. Properties N1, N2 imply that {f (xn)} converges to ei-
ther f (x∗) or f (x), where (f (x∗), f (x)) is a gap in SS′. Properties N2 and N3 imply
properties G1 and G3, respectively. Therefore, x ∈ G.
Let us show that Gn is open in C for each n. Fix an arbitrary x ∈ Gn. If n is odd,
Ox =
[
f−1
((
f (xn),1′
]∩ (an, bn))]∩ [g−1([0, g(xn)))]
contains x and is open due to continuity of f,g. If y ∈ f−1((f (xn),1′] ∩ (an, bn)), then
f (y) > f (xn) and f (y) ∈ (an, bn). If y ∈ g−1([0, g(xn))), then g(y) < g(xn). Therefore,
the triple {y, xn, (an, bn)} satisfies 1,2,3 in the definition of Gn. Therefore, Ox ⊂ Gn. If n
is even, similar argument shows that the set
Ox =
[
f−1
((
f (xn),1′
]∩ (an, bn))]∩ [g−1((g(xn),1′])]
contains x, is open, and is a subset of Gn. Thus, any element of Gn is in Gn together with
its open neighborhood. Therefore, Gn is open and G is a Gδ-set in C. Similar proof works
for Go. 
Lemma 4.2. Let f,g be continuous mappings of a compactum C to SS′. Let P be the set
of all unordered pairs {x, y} with the following properties:
(1) Either f (x) = f (y) or {f (x), f (y)} forms a gap in f (C);
(2) g(x) 	= g(y) and {g(x), g(y)} is not a gap in SS′.
If |P| > ℵ0, then |Mf | c.
Proof. Since P is uncountable and SS′ is separable, there exist a point a ∈ S and an
uncountable P∗ ⊂ P such that g(x) < a and g(y) > a′ for every {x, y} ∈ P∗. The sets
A = g−1([0, a]),B = g−1([a′,1′]) are disjoint uncountable compacta. Property 1 of P∗
and Proposition 2.5 imply that f (A)∩ f (B) is of cardinality c. Therefore, |Mf | c. 
Lemma 4.3. Let f be a compactum cleavable over SS′. Let f be a continuous mapping of
C to SS′ with |Mf | < c. Then |Mf | ℵ0.
154 R.Z. Buzyakova / Topology and its Applications 151 (2005) 144–156Proof. Let C∗ be the set of all points in C that have countable neighborhoods. By Propo-
sition 3.2, C is separable, and therefore, C∗ ∩ Mf is countable. Thus, without loss of
generality, we can assume that C is dense in itself. This assumption together with |Mf | < c
implies that f (C) is dense in itself as well.
Fix M ⊂ Mf such that f (M) = f (Mf \ M). Define a set A as follows: x ∈ A iff one
of the following occurs:
A1: x ∈ C \Mf and f (x) is the left end-point of a gap;
A2: x ∈ M .
Let g be a continuous mapping such that g(A) does not intersect g(C \ A). Let G,Go be
the sets defined in the conditions of Lemma 4.1.
Let us show that G ∪ Go contains all elements from Mf except maybe a countable
number of them. Let x ∈ Mf . By the definition of M , there exists y ∈ Mf such that f (x) =
f (y) and only one of x, y belongs to A. WLOG, x ∈ A. Then g(x) 	= g(y). We can assume
that g(x) < g(y) and f (x) is the left end-point of a gap in SS′. Since C is dense in itself
and first-countable, there exist non-trivial sequences {x2n} and {x2n+1} that converge to x
and y respectively. Since |Mf | < c and any open set in C is of cardinality c, the sequences
can be chosen in such a way that f (xn) < f (x) = f (y) for all n. As it was mentioned
earlier, the image of any open set in C is uncountable in f (C), and therefore, contains left
and right end-points of gaps in f (C) (see Proposition 2.5). Therefore, due to part A1 in the
definition of A, we can require that {x2n} ⊂ C \A and {x2n+1} ⊂ A. There are two cases:
Case I: {g(x), g(y)} is a gap in SS′. Since {x2n} ⊂ C \ A, g(x2n) < g(x) for almost all
n. Similarly, g(x) < g(y) < g(x2n+1) for almost all n. Then, {xn} and x satisfies
G1,G2,G3 in the definition of G. Therefore, x ∈ G.
Case II: {g(x), g(y)} is a not a gap in SS′.
By Lemma 4.2, case II can happen only for countably many x ∈ Mf .
Let us show that the set (G∪Go) \Mf has the cardinality not greater than that of Mf .
Let x ∈ (G ∪ Go) \ Mf . Let {xn} be a sequence that together with x satisfies G1,G2,G3
in the definition of G. Then {f (xn)} cannot converge to f (x). Indeed, since x /∈ Mf ,
convergence of {f (xn)} to f (x) would imply convergence of {xn} to x. Then, G3 would
imply that g(x) is not an end-point of a gap. But any element in SS′ is an end-point of
a gap. Therefore, {f (xn)} converges to f (y), where y ∈ Mf and {f (x), f (y)} is a gap.
Since f (C) is dense in itself, the image of any point cannot belong to more than one gap.
And therefore, we have a one-to-one correspondence between (G∪Go) \Mf and a subset
of Mf . We have already shown that |Mf \ (G ∪ Go)| ℵ0. Thus, if Mf is infinite, it has
the same cardinality as G ∪ Go. Since G ∪ Go is a Gδ-set of a perfect compactum, its
cardinality is either c or countable. Since |Mf | < c, Mf is countable. 
Lemma 4.4. Let C be a compactum cleavable over SS′. Let f be a continuous mapping of
C to SS′ with countable Mf . Suppose that for any point x ∈ Mf of complete accumulation
in C one of the following occurs:
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F2: f−1((f (x),1′])∩ f−1f (x) has at least two elements.
F3: x is a limit point in f−1f (x).
Then, Mf is a Gδ-set in C.
Proof. Assume that Mf is not a Gδ-set in C. Then, by Proposition 2.1, there exists M ⊂
Mf such that M is infinite and dense in itself. We can choose M so that f (M) ⊂ S or
f (M) ⊂ S′. WLOG, f (M) ⊂ S′. Fix M∗ ⊂ M such that f (M∗) = f (M) and f is one-to-
one on M∗. Define a set A as follows: x ∈ A iff one of the following occurs:
A1: x /∈ f−1f (M) and f (x) is not the left-end point of a gap in f (C).
A2: x ∈ M∗.
Let g be a continuous mapping of C to SS′ such that g(A) does not intersect g(C \A). Enu-
merate Mf . Inductively, for each n > 0, we will find points xn, yn satisfying the following
requirements:
R1: Either {f (xn), f (yn)} is a gap in f (C) or f (xn) = f (yn);
R2: g(xn−1) < g(xn) < g(yn) < g(yn−1);
R3: g−1((g(xn), g(yn))) does not contain the first n elements of Mf ;
R4: [g−1((g(xn), g(yn)))] ∩M is of cardinality c.
Step 0. Let x0, y0 be such that g(x0), g(y0) are the left and right end-points of g(C).
Assume xn−1, yn−1 are defined.
Step n. Take an open U ⊂ g−1((g(xn−1), g(yn−1)) that does not contain the first n ele-
ments of Mf and such that |U ∩M| = c (exists due to R4).
Notice that the triple {A,f,g} satisfies the conditions of Lemma 2.7. Therefore,
there exists x ∈ M ∩ U such that gf−1f (x) ⊂ (g(xn−1), g(yn−1)). Since M has
no isolated points, x is a point of complete accumulation of M . We can assume
that x ∈ M∗ ⊂ A (if x /∈ M∗, just replace it with an element from M∗ ∩f−1f (x)).
We can assume that g(x) is the right end-point of a gap in g(C) (otherwise, the
argument is similar).
Case I: x is a limit point in f−1f (x). Since f is one-to-one on M∗, we have
f−1f (x) \ {x} ⊂ f−1f (M) \ M∗ ⊂ C \ A. Since g(x) is the right end-point of
a gap, there exists y ∈ f−1f (x) such that g(x) < g(y) < g(yn−1). Put xn = x,
yn = y.
Case II: x is not a limit point in f−1f (x) and f−1(((f (x),1′])) ∩ f−1f (x) con-
tains a point distinct from x. By Lemma 2.8, there exist sequences {an}, {bn} such
that either (f (an), f (bn)) is a gap or f (an) = f (bn) and {an} converges to x while
{bn} converges to some y ∈ f−1f (x) \ {x}. Since f (an) is the left end-point of a
gap in f (C) (see Lemma 2.8), the definition of A implies that an /∈ A. Therefore,
{an} ⊂ C \A.
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such that g(xn−1) < g(bm) < g(x)  g(am) < g(yn−1). Since am /∈ A, g(x) <
g(am). Put xn = bm,yn = am.
Requirements R1–R3 on xn, yn are satisfied by construction. Let us verify re-
quirement R4. In case I, x is a complete accumulation point of M and the
right end-point of a gap. Therefore, g−1([g(xn), g(yn))) contains an infinite sub-
set of M with uncountable closure. Since g−1g(xn) is countable (Lemma 2.7),
[g−1((g(xn), g(yn)))] ∩M is of cardinality c. The same argument applies to
case II.
Let {xm} be an infinite subsequence of {xn} such that {f (xm)} is monotonic. Due to R1,
{f (xm)} and {f (ym)} converge to the same point f (z). Due to R3, z /∈ Mf . Therefore, {xm}
and {ym} converge to z. Taking into account that any non-end-point of SS′ belongs to a gap,
R2 implies that {g(xm)} and {g(ym)} converge to distinct points. The latter contradicts
continuity of g. Thus, Mf is a Gδ-set in C. 
Theorem 4.5. Let C be a compactum cleavable over SS′. Then C is homeomorphic to a
subspace of SS′.
Proof. By Proposition 3.2, there exists a continuous mapping g of C to SS′ with |Mg| <
c. By Lemma 4.3, Mg is countable. By Lemmas 2.6 and 4.4, there exists a continuous
mapping f of C to SS′ such that Mf is countable and a Gδ-set in C. Applying linearization
Lemma 2.4, C is homeomorphic to a subspace of SS′. 
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